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Abstract—We consider the frequency-domain channel equal-
ization and symbol detection of multiple input multiple output
(MIMO) single-carrier broadband wireless system in the pres-
ence of severe frequency-selective channel fading and multiple
unknown carrier frequency offsets (CFOs). We show that the
constellation of the equalized data is rotating due to multiple
CFOs, therefore, the equalized data can not be reliably detected
without removing the rotating phases caused by the multiple
unknown CFOs. Instead of estimating the CFOs, we propose a
method to estimate the rotating phases caused by multiple CFOs,
remove the rotating phases from the equalized data, and perform
symbol detection. Numerical example indicates that the proposed
method provide very good results for a 4×2 wireless system with
8PSK modulation and 75-tap Rayleigh fading channels.
I. INTRODUCTION
In the last few years, single carrier (SC) frequency domain
equalization (FDE) has attracted considerably attention for
both single input single output (SISO) and multiple input
multiple output (MIMO) broadband wireless systems. It has
been shown to be effective to combat extended intersymbol
interference (ISI) caused by severe frequency selective fading
channels, and has been proposed in a few standards including
IEEE 802.16e [1]. Compared to time-domain equalization, SC-
FDE has higher computational efficiency and better conver-
gence properties to achieve the same or better performance for
a wireless system over severe frequency selective fading chan-
nels [2]. Moreover, compared to orthogonal frequency division
multiplexing (OFDM), SC-FDE has similar performance and
signal processing complexity, and less sensitivity to carrier
frequency offset (CFO) [3]. In the literature, most, if not all,
the existing SC-FDE algorithms assumed that CFO is not an
issue for reliable symbol detection. However, in this paper, we
will show that CFO can be a troublesome for SC-FDE if the
DFT (discrete Fourier transform) block size is large and/or the
constellation size of signal modulation is high. We will further
show that the constellation of the equalized data symbols is
rotating due to the CFO, and phase compensation has to be
done before symbol detection. Furthermore, we present a new
algorithm to estimate the rotating phases caused by multiple
unknown CFOs in MIMO wireless systems.
II. SYSTEM MODEL AND PRELIMINARIES
Consider a broadband MIMO wireless system with Nt
transmit antennas and Nr receive antennas. The Baseband
equivalent signal received at the p-th antenna can be expressed







where sq(k) is the k-th symbol from the q-th transmit antenna,
αp,q(l, k) is the impulse response of the fading channel linking
the q-th transmit antenna and p-th receive antenna with l being
the tap index and k being the time index, ωp,q and θp,q;0 are
respectively the angular carrier frequency offset and timing
error phase between the q-th transmit antenna and the p-th
receive antenna, vp(k) is the additive white Gaussian noise
with average power σ2, T is the symbol interval, L is the
fading channel length in terms of T . It is noted that the
fading channel coefficients αp,q(l, k) include the effects of the
transmit pulse-shape filter, physical multipath fading channel
response, and the receive matched filter.
To facilitate frequency-domain channel equalization for the
system described in (1), the transmitted data sequence {sq(k)}
are partitioned into blocks of size N . Each block is then




sq(1) sq(2) · · · sq(N) 0 · · · 0
¤t (2)




rp(1) rp(2) · · · rp(N) · · · rp(N+Nzp)
¤t (3)
where the superscript [·]t is the transpose. The length of zero
padding Nzp is chosen to be at least L− 1 so that the inter-
block interference is avoided in the received signal.
Adopting the overlap-add method [4] for N -point DFT, we
define two signal vectors
sq =
£








rp(N+1) · · · rp(N+Nzp) 0 · · · 0
¤t (5)































where Ap,q is given by (7) on the top of next page and
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αp,q(1, 1) 0 · · · 0 αp,q(L,N+1) · · · αp,q(2,N+1)
αp,q(2, 2) αp,q(1, 2) 0
. . . . . . . . .
...
...
. . . . . . . . . . . . . . . αp,q(L,N+L−1)
αp,q(L, L)
. . . . . . αp,q(1, L) 0
. . . 0
0 αp,q(L,L+1)
. . . . . . . . . . . .
...
...
. . . . . . . . . . . . . . . 0






ej(ωp,qT+θp,q;0) · · · ej(ωp,qNT+θp,q;0)ª (8)
vp=
£




vp(N+1) · · · vp(N+Nzp) 0 · · · 0
¤t . (9)
Let FN be the normalized DFT matrix of size N ×N , i.e.,








one concludes that Fh
N
FN = IN with IN being the N × N
identity matrix. Left multiplying (6) by diag
©
FN · · · FN
ª































where Yp , FN rp, Xq , FN sq, Vp , FNvp, Hp,q =
FNAp,qF
h
N , Φp,q = FNDp,qFhN , and Fh is the conjugate
transpose of F.
Remark 1: For a given L, if N is chosen to have the
block time duration (N + L − 1)T less than the chan-
nel coherence time, then Ap,q is a circulant matrix, and
Hp,q is a diagonal matrix with n-th diagonal element being
hp,q;n =
PL





. i.e., Hp,q =
diag{hp,q;1 hp,q;2 · · · hp,1;N }.
Remark 2: Although Φp,q is generally a non-diagonal







ej(ωp,qkT+θp,q;0), n = 1, 2, · · · ,N. (11)
These two properties of the single-carrier frequency-domain
representation enables effective channel estimation and equal-
ization.
III. FD CHANNEL ESTIMATION
There are two commonly used methods [5], [6] for MIMO
channel estimation assisted with training symbols. One is to
estimate the fading channel by sequentially transmitting one
small block of Nts training symbols plus Nzp padded zeros
(Nzp < Nts) from each transmit antenna, while all other
transmit antennas remain silent, which means that transmitting
Nt small blocks with time duration of Nt(Nts + Nzp)T are
required for the MIMO channel estimation. This method
can be referred to as time-domain and frequency-domain
orthogonal training method. The other is time-domain over-
lap and frequency-domain orthogonal training method. This
method employs an arbitrary length-Nts Chu sequence as a
base sequence denoted by sts. Then one can construct Nt
phase-shifted sequences whose k-th symbol is multiplied by
ej2πk(q−1)/Nts with q = 1, 2, · · · , Nt. Then the first transmit
antenna repeatedly transmits the base sequence for Nt times,
at the same time, the q-th transmit antenna repeatedly transmits
the q-th phase-shifted sequence for Nt times. Although these
Nt sequences are transmitted simultaneously at the Nt trans-
mit antennas, they are orthogonal in the NtNts frequency tones
as shown in [5], and the channel can be estimated with a bit
higher bandwidth efficiency compared to the former training
method if there is no carrier frequency offset or timing phase
error.
In this paper, we adopt the first training method. That means,
during the training mode, the training signals across transmit
antennas are orthogonal in both time domain and frequency
domain. Moreover, we choose the number of training symbols
Nts such that the training block time duration (Nts+Nzp)T
is smaller than a third of the quantity 2π/max(ωp,q) for all p
and q. Then, the non-diagonal elements ofΦp,q , i.e.,Φp,q(n, l)
with n 6= l, are negligible comparing to the diagonal elements
Φp,q(n,n). Therefore, the frequency-domain representation
(10) can be simplified as
Yp(n)=Φp,q(n,n)Hp,q(n,n)Xq(n)+Vp(n)
=λp,qhp,q;nXq(n)+Vp(n), n = 1, 2, · · · , Nts (12)
where λp,q = 1Nts
PNts
k=1 ej(ωp,qkT+θp,q;0) is a complex-valued
unknown parameter with amplitude close to unit.
The channel transfer function λp,qhp,q;n is estimated by the




, n = 1, 2, · · · ,Nts. (13)
The estimate λp,q h˜p,q;n can be further improved by
a frequency-domain filter to reduce noise and converted
into an N -point transfer function λp,qHˆp,q with Hˆp,q =
diag
©
hˆp,q;1 hˆp,q;2 · · · hˆp,q;N
ª
. Details are omitted for
brevity.
We employ the frame structure designed in [8], where
one frame contains one small pilot block and a number of
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N -symbol data blocks. Then the estimated N -point transfer
function matrices of the pilot block at the current frame and
the pilot block at the next pilot block can be utilized to
estimate the transfer function matrices of the data blocks via
interpolation method proposed in [8]. The estimated transfer
function matrices at the data blocks are used for frequency-
domain channel equalization which is discussed in the next
section.
IV. FD CHANNEL EQUALIZATION
In the data transmission mode, we choose the data block
time duration (N+Nzp)T smaller than the channel coherence
time, therefore the frequency-domain channel matrices {Hp,q}
are diagonal matrices.









λNr,1HˆNr,1 · · · λNr,Nt HˆNr,Nt
⎤
⎥⎦ . (14)
Applying the minimum mean square error (MMSE) criterion,
















It is important to note that (15) is not computationally effi-
cient due to the inversion of an NrN×NrN matrix. However,
taking into consideration of the diagonal property ofHp,q and
Hˆp,q and keeping in mind that Φp,q are diagonal dominant,
we can obtain a much more computationally efficient MMSE























λNr,1hˆNr,1;n · · · λNr,NthˆNr,Nt;n
⎤
⎥⎦ . (17)
As can be seen from (16), the improved MMSE FD equal-
ization involvesN -times inversions ofNr×Nr matrices, this is
certainly much more computationally efficient and numerically
robust compared to (15) which involves the inversion of an
NrN ×NrN matrix.
Applying inverse DFT to the equalized data vector Xˆq, we
have the equalized time-domain data vector sˆq . Similarly to













From (18), we can conclude that the complex-valued
symbol-wise scaling factor βq(k) is actually a diversity com-
bining factor determined by the Nr-receive channel transfer
functions, carrier frequency offsets, time-error phases, and
Doppler. In other words, the equalized data symbol sˆq(k) is an
amplitude-scaled and phase-rotated version of the transmitted
data symbol sq(k). The rotating phase ∠βq(k) is a collection
of all the contributions from the carrier frequency offsets
ωp,q, and timing-error phases θp,q;0 of all the Nr fading
channels. For each individual fading channel, the rotating
phase ∠βp,q(k) = ωp,qkT + θp,q;0 + ∠γp,q , which represents
the p-th channel’s CFO-driven shifting phase, timing-error
phase, and the channel transfer function effect. This is a
physical interpretation for the single carrier frequency-domain
equalized data.
If s(k) is phase shift keying (PSK) modulated data, then the
time-varying rotating phase ∠βp,q(k) must be compensated at
the receiver after FDE and before demodulation and detection.
This will be discussed in detail in the next section.
V. PHASE-COHERENT DETECTION
In this section, we present an effective and robust algorithm
for estimating the phases ∠βq(k), which are crucial for
successful data detection of PSK modulated symbols. The
challenge of the phase estimations is that we face to multiple
fading channels, in which each individual channel has different
carrier frequency offset, timing-error phase and Doppler, and
the rotating phases ∠βq(k) represents a nonlinearly composed
effect of these random (or time-varying) factors of all the
fading channels. Therefore, directly estimating these carrier
frequency offsets, timing-error phases and Doppler will be
very costly if any possible.
What we know from the nature of fading channels is that
the carrier frequency offsets are either constants or change
gradually from time to time, i.e., it does not change arbitrary
in a short period of time. Therefore, the rotating phase ∠βq(k)
is also changing gradually from time to time. We treat ∠βq(k)
to be a constant for a small number of Ns consecutive received
symbols, and to another constant in the next Ns consecutive
received symbols, and so on so forth.
We partition the equalized N -symbol block data sˆq into Ng
groups, each with Ns data symbols, except for the last group
might have less than Ns symbols if N/Ng is not an integer.
Let ψq(g) be the estimated average rotating phase for the
g-th group of {∠βq((g−1)Ns+1),∠βq((g−1)Ns+2), · · · ,
∠βq((g−1)Ns+Ns)}, with g = 1, 2, · · · , Ng , and let ψq(0)
denote the initial rotating phase, ∆ψq(g) the phase difference
ψq(g)−ψq(g−1). Hence
ψq(g) = ψq(g−1) +∆ψq(g), g = 1, 2, · · · , Ng. (19)








,m = 1, 2, · · · ,Mm
o
, we
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define a phase quantization function Q [φ] as follows




Mm < φ ≤
2mπ−π
Mm
m = 1, 2, · · · ,Mm.
(20)
We are now in a position to present our algorithm as follows:
Algorithm: Group-wise Rotating Phase Estimation
Step 1. Designate the first Np symbols {sq(k)}Npk=1 of each
N -symbol block data sq at the q-th transmit antenna as pilot
symbols for phase reference to determine the initial rotating







Compensate the phase of the first group data by e−jψq(0),
yielding
s˜q(1, k) = sˆq(k)e−jψq(0), k = 1, 2, · · · , Ns. (22)
Calculate the individual phase deviation from its nominal
phase of each symbol in the first group
ϕq(1,k)=∠s˜q(1,k)−Q [∠s˜q(1,k)] , k=1, 2, · · · , Ns. (23)
Calculate the average phase deviation and compute the







ψq(1) = ψq(0) +∆ψq(1). (25)
Set g = 2 for next step.
Step 2. Compensate the phase of the g-th group data by
e−jψq(g−1), yielding
s˜q(g, k)= sˆq((g−1)Ns+k)e−jψq(g−1), k=1, 2, · · · , Ns. (26)
Calculate the individual phase deviation from its nominal
phase of each symbol in the g-th group
ϕq(g, k)=∠s˜q(g, k)−Q [∠s˜q(g, k)] , k=1, 2, · · · , Ns. (27)
Calculate the average phase deviation and estimate the







ψq(g) = ψq(g−1) +∆ψq(g). (29)
Step 3. Update g=g+1, repeat Step 2 until g=Ng. ¤
After estimating the Ng group phases of equalized block
data from the q-th transmit antenna, we can compensate the
phase rotation of the equalized data sˆq in group basis:
sˇq(g, k)= sˆq((g−1)Ns+k)e−jψq(p), k=1, 2, · · · ,Nsg=1, 2, · · · ,Ng . (30)
Finally, the binary information data of the block can be
obtained via standard MPSK demodulation procedure on the
phase-compensated signal sˇq(g, k) of the block. Different
block data with different transmit antenna index q can be
processed in a similar manner, details are omitted here for
brevity.
We make two remarks before leaving this section.
Remark 1: The choice of Ns symbols in a group needs to
satisfy the condition: 2π |fd,q |NsT < πMm , to ensure that the
maximum rotating phase does not exceed a decision region
of MPSK, where |fd,q| is the absolute value of the maximum
composite CFO, in Hz, linking to the q-th transmit antenna.
Remark 2: The group-wise estimation of the rotating
phase is insensitive to noise perturbations due to its averaging
process (28), which is an implicit low-pass filtering process.
VI. NUMERICAL RESULTS
In this section, we present a numerical example to show that
our algorithm provides very good results for fading channels
having long delay spread and multiple unknown carrier fre-
quency offsets. We consider a MIMO wireless system with
2 transmit antennas and 4 receive antennas. We employ a
75-tap frequency-selective Rayleigh fading channel, where the
average power of the first 25 taps ramps up linearly and the
last 50 taps ramps down linearly, and the fading channel is
normalized to have total average power as one. We employ the
improved Clarke’s Rayleigh fading model [7] with maximum
Doppler being 50 Hz. We choose FFT size N = 4096, symbol
interval Ts = 0.25μs and 8PSK modulation. The multiple
CFOs are listed in Table 1.
Table 1: Multiple CFOs for the 4× 2 wireless system
CFO1,1 −200 Hz CFO1,2 170 Hz
CFO2,1 −190 Hz CFO2,2 180 Hz
CFO3,1 −180 Hz CFO3,2 190 Hz
CFO4,1 −170 Hz CFO4,2 200 Hz
The constellations of the equalized data is depicted in Fig.
1, which shows that the data can not be reliably demodulated
right after the equalization. Fig. 2 shows the constellation
of the phase-corrected data, which clearly indicates that the
data can now be reliably demodulated using conventional
procedure. Fig. 3 depicts the uncoded bit error rates for the
following cases: 1) the channel coefficients are estimated by
the interpolation-based algorithm [8] with CFO values given in
Table 1; 2) the channel coefficients are perfectly known with
CFO values given in Table 1 as well. For comparison purpose,
these two channel conditions with no CFO are demonstrated
in the figure. As indicated by these figures, the proposed
method is very effective and crucial for mitigating the multiple
unknown carrier frequency offsets and extended intersymbol
interference caused by severe frequency selective channel
fading, especially when the DFT block size is large and/or
the CFOs are significant.
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Fig. 1. Scatter plot of equalized 8PSK signals, SNR= 20 dB. Observation:
the 8PSK signal can not be reliably demodulated.
Fig. 2. Scatter plot of equalized and phase-corrected 8PSK signals, SNR= 20
dB. Observation, the phase-corrected signal can be reliably demodulated using
conventional demodulation procedure.
VII. CONCLUSION
In this paper, we demonstrated that multiple carrier fre-
quency offsets (CFOs) in MIMO systems can be a troublesome
for single carrier frequency domain equalization if the discrete
Fourier transform (DFT) block size is large and/or the constel-
lation size of signal modulation is high. The multiple CFOs
will cause the constellation of the equalized data rotating,
therefore the equalized data can not be reliably detected if the
effect of multiple CFOs is not mitigated. Instead of directly
estimating the CFOs, which is very costly, we proposed a new
method to estimate the rotating phases caused by the multiple
CFOs, and employed the estimated phases to correct the phase
rotation of the equalized data, then performed the symbol de-
tection. Numerical examples showed that the proposed method
















, Nt) = (4, 2),   fd = 50 Hz,   8PSK
 
 
Est Chnn with CFO
Est Chnn without CFO
Known Chnn with CFO
Known Chnn without CFO
Fig. 3. Uncoded bit error rate of equalized and phase-corrected 8PSK
modulated signals.
has provided very good results for a 4×2 wireless system with
8PSK modulation over 75-tap Rayleigh fading channels, at the
maximum Doppler frequency of 50 Hz. The rotating phase
estimation algorithm is not only computationally efficient, but
also numerically robust in a wide range of signal-to-noise ratio.
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